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1966, a second graduate student will be working on this Grant. 

i: To accomplish the goals stated in the proposal, the first 
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The work on this Grant started or? February l s t ,  1966. The 

Principal Investigator has participated in t h i s  work t o  the ex- 

tent of 25% of his time until May 31st, 1966, and 50% of  his time 

f o r  the months of June 2nd July of 1966. He was joined on June 

:effort was centered on the application of the proposed method t o  1: 
a simple system, such as an annular membrane, subjected t o  non- 

symmetric normal pressure. 

erns  the deflection of the membrane is 

The differential equation which gov- I 
a 2w arr 

Nhere w is the deflection, p is the pressure and is t h e  radial 

assumed to be w(a) = w(b) = 0, and the pressure was'taken as 

p = CGS 20.  The o b j e c t  of this investigation was t o  find out 

how many pivotal points around the circumference are needed for 

the new method to give accurate results. 



F 
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’ This boundary va lue  problem was so lved  i n  two ways: (1) 

s e p a r a t i n g  v a r i a b l e s ,  i .e . ,  assuming w ( r , O )  = w2(r) cos 20, and 

I * ( 2 )  r e p l a c i n g  a 2 w / a 2 0  by the  ffrst c e n t r a l  d i f f e r e n c e  formula 

i n  terms of t h e  p i v o t a l  values of w around t h e  circumference,  
For  t h e  f irst  s o l u t i o n ,  t h e  multisegment method of i n t e g r a t i o n  1 

was used wh i l e  f o r  t h e  second s o l u t i o n ,  i t  was c a l c u l a t e d  with 

t h e  method which i s  desc r ibed  i n  t h e  p roposa l .  S ince  t h e  solu-  

t i o n  i s  symmetric about the l i n e  8 = 0, 11 p i v o t a l  points around 

t h e  half-circle  were t r i e d ,  The number of fundamental  var.’iables 

of E q ,  (1) is  two, which means t h a t  a s y s t e m  of 22 f i r s t - - o r d e r  

l i n e a r  o rd ina ry  d i f f e r e n t i a l  equat ions  with 22 unknowns had t o  

be so lved ,  I f  t h e  membrane i t se l f  i s  axially symxetric, t h e n  

two such i r d t i a l  va lue  problems must b e  so lved ,  

A s  seen  from t h e  r e s u l t s  shown i n  F igu re  1, i t  can b e  con- 

c luded that i f  t h e  membrane i s  axially symmetric and if t h e  load  

v a r i a t i o n  i s  cos 28 ,  t h e n  11 p o i n t s  around ha l f - c i r c l e .  g i v e  an 

accuracy of 4 s i g n i f i c a n t  digits. These r e s u l t s  were regarded 

as ve ry  encouraging, especially s i n c e  t h e  program ran f o r  4.5 

minutes  on a GE 225 computer which has about one-eighth of core 

s t o r a g e  and one-hundredth of  t h e  speed of  an  IBM 1 0 9 4 .  

The next  ques t ion  t o  be answered was t h e  fo l lowing:  does 

the new method work as w e l l  f o r  s y s t e m s  of f i r s t - o r d e r  nonl i r iear  

o r d i n a r y  d i f f e r e n t i a l  equat ions?  I n  o r d e r  t o  answer t h i s  ques- 

t i o n ,  a computer p r o g r m  was w r i t t e n  which can c a l c u l a t e  t h e  non- 

symmetric deformation of a c i r c u l a r  p l a t e  by means of von Karman 

’A, Xalnins ,  J o u r n a l  of Applied Mechanics, Vol .  31, September 
1964 ,  pp. 467-476. 
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FIGURE 1 

DEFLECTION OF AN ANNULAR NEMBRAPJE UNDER UMIFORM PRESSURE 
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Jarge  d e f l e c t i o n  p l a t e  theory.  To account for t h e  n o n l i n e a r i t y ,  

t h e  r e c e n t l y  developed nonl inear  multisegment zethod was ern- 

.played . For comparison, t h e  same problem was a l s o  solved f o r  

I 

2 

t h e  l i n e a r  c a s e  by means of t h e  l i n e a r  multisegment method. O f  

course ,  no comparison i s  poss ib l e  f o r  t h e  nonl inear  solution S e -  

cause  t h i s  problem has not  been solved be fo re .  The corresponding 

results are shown i n  F igu re  2. 
~ 

, 

Because of t h e  small s i z e  of the conputer ,  only 5 points were 

taken around t h e  circumference,  and s i n c e  e i g h t  fundamental vari- 

ables are p r e s e n t ,  t hen  i f  t h e  p l a t e  i s  axisymmetric,  5 i n i t i a l  

va lue  problems invo lv ing  4 0  f i r s t - o r d e r  o rd ina ry  d i f f e r e n t i a l  

equa t ions  must  be so lved .  The program r a n  f o r  about  six minl?tes 

on t h e  GE 225 p e r  i t e y a t i o n .  As seen  from Figure  2 ,  t h e  compar- 

i s o n  of t h e  new method and t h e  exac t  s o l u t i o n  f o r  t h e  l i n e a r  case 

shows accuracy of up to 2 s i g n i f i c a n t  d i g i t s .  

The conclus ions  from these two examples are as fo l lows :  

1. I f  t h e  c i r c u m f e r e n t i a l  v a r i a t i o n s  of  sys tem or t h e  

l o a d s  are  not  r a p i d ,  f i v e  t o  e leven  p o i n t s  around t h e  half-  

c i r c l e  are s u f f i c i e n t  t o  s o l v e  t h e  problem, 

2 ,  Even on such a l i m i t e d  computer as a GE 225,  there  i s  no 

d i f f i c u l t y  w i t h  round-off e r r o r s  when s o l v i n g  i n i t i a l  va lue  prob- 

lems of up t o  40 f i r s t - o r d e r  o rd ina ry  d i f f e r e n t i a l  equat ions .  

3 -  I n  the op in ion  of t h e  P r i n c i p a l  I n v e s t i g a t o r ,  t h e  method 

*A. Kaln ins  and J. F. LPsL;~T?%~.~ "On Nonlinear Analysis  of E l a s t i c  
S h e l l s  of Revolut ion",  t o  be p u b l i s h e d  i n  Jou rna l  of App l i ed  Me- 

-?-" chan ics .  
2 



F I G U R E  2 

DEFLECTION OF ANNULAR PLATE UNDER UNIFORM 

PRESSURE EY VOX KARMAN NONLINEAR PLATE THEORY - 
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described in the proposal can be applied to arbitrary shells of 

revolution. 

A meeting wlth Dr. R.  W. Leonard of Langley Research Center 

has been arranged f o r  September 30th, 1966 ,  to present these 

results. The Principal Investigator will propose at this meet- 

ing the application of the new method for the analysis of curved 

shells as described in the enclosed abstract of a future publica- 

tion. 
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Abstraet o f  

DKFaRIIATION OF CURVED, COIMPOSITB, THIN-WALLED SHELLS 

. d *  

The purpose of t h i s  paper f a  t o  develop a method of analysis for 

a composite shell Whose element6 can be of two d i f f e r e n t  t y p e s :  

(1) 8Xia l ly  6yf~metriC shell8 Of arbitrary bhape, and (2) curved 

shells in the form of a sec to r  of a tm8, A n  example of the  type 

o f  a shell  considered I8 shown I n  Figure 1, bJ 

The proposed approach t o  this problem u t i l i z e s  a n  extension-of  

the nultisegment method o f  i n t e g r a t i o n  [111 of the linear she l l  

equations,  which permits each element of a composite shell  t o  

be ansly%wd ab a separate system, The advantage of this approach 

is that t h e  elements of the  she l l  can be arranged I n  any desired 

order as long as the  t o t a l  shell  remains continuous. Such an 

approach admits great v e r s a t i l i t y ,  For example, the curve passing 

thruagh the center8 of the clroles whiah generate the mferenee 

8uriace of the shell need not be a plan0 am. 
cotatiag the t o ro ida l  element, it can beeoars a space cumre, 

By properly 

1 Numbers in bracket8 r e f e r  t o  the References l i s t e d  at the end 
of this abat rao t .  .! 
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principal radii of curvature of the rererenee suriaco a m  given 

by Re 
solution in  the total shell I s .  no longer 8eparabIs In the two,  

b = eor.@.ant, R, - b + u s i n  6 (see Figure l), the 

surface coordln8tes (as it i s  in  a stmight axisgmmetrie shell), 

anb the problem does not lend i t se l f  dlrectlp t o  the one-dirwnsional 

analysis as given i n  Reference [13.  However, the method of 

Refemnce [13 uak be modified i n  s w h  8 w a g  that the necessity 

I 
I 

c 

Of 80plrrabil i ty  O f  the sOPut%Qn f8 cl3hrrri-tcrde 

The exten8ion of the mult i se~ent  method is concertled with the 

following bamd8ry-value problem8 
region (a 2 x L b, 0 0 .  8 c 2s) by the. system of paFtial diffemntlal H 

e quat i o  m 

find y(x,e), gomrned i n  a 

(1.) ap(x,e) , a W x , e )  
F [x, 6, y (x#@) ,  a0  a 82 ax , 

and the following boundarp condltionr: 

Tir y(a,e) - U g  



I . -  Follorring, far exQPIplb, tho d.rivatlon c 8 ~ r I e d  out i n  Rbfomme 

[2], the boundary value problem of a shell e m  be stated i n  the 

form as given by 4 s .  (1). For an axially symmetric miemme 

. swfaoe, the prinolpal radii of gurvrture are functiom of thb 

merldlorral mordIn&te x only, while l a  the toroidal rector Rx 

&e8 V W y  a t h  8 ,  The 0-variation or R, rules out a separpbb 

. 80lution in r and 8, 8hd a modlriaation of tha method of tLfemm 

[1] I S  1Wb88-0 

Acaordlng to  the method proposed In thlr paper, a l l  dependent 

variables and th edepsmient aoeifichent8 occuring i n  mr, (1) 
are expressed by their  pivotal  value8 and their Qrlvatlves by 

finite differemerr In the 4 dlrmotlon, while dimot multisemntz 
maw5oal Integration is performed in the x direetlon i n  the 8- 

w a y  18 in  Referenee [l]: Such an approach requires Initial-value 

lntogra$lons o f  a rrpstem or 8N ordinary di f ferent ia l  equations, 

where N denotes the number of pivotal points selected around 

the cireurnierenee of eaeh c i rc l e  generated bg the plane x - constant, 

In most cases, the variation or the solution i n  the e-direction i s  

m t  rapid, ~IX¶ oon8eqrrsntl.y N need not be more than, say, tveltte. 

Wavearrer, In the presenee of 8ymmetry of the solution with rerpect 

to a plane, this nuabec @an be halved. With the a i d  or a high- 

speed d l a t a l  acmputer, the 1nlti.l-value integration of the 

dlfferentirl  equation8 preaents no ft~ndamental dirf icult ies ,  

-8% or  the analysis parallel8 that given on pages 473-474 of 

The 

- 3 -  
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~ h e  paper inehades tba der iva t ion  of Bqr. (la) for an axially 

symimetriu shel l  88 well as fo r  8 t o r o i d a l  element, Both sets of 

equation8 p088eU8 th. feat- that IK) de~Wati 'pb8 wlth =cfps& 

t o  x or 

eto, )  are present. 

of the 8N variables at  ang value of x nuch easier, 

of the shell-parameters (rabii of curvature, thiCk&88, 

Thia a c t  maker the oalculatlon of the derivatives 

- 
. .. 

For the demonstration of the f e a 8 l b l l l t y  of t h i s  method, the 

nunerlcal results of two examples a r e  planned t o  be presented 

in the paper, 

by a d i f f e ren t  method I n  Referenae 133, and the  other example is the 

type of g shell shown In F i g u r e  1 when subJected t o  a load P which 

One ex-ple i s  the bending of a curved tube treated 

l e  uniformly dirt i ibutod around the oirounfbmnoo a * r J  

- 
---.? 

In summary, a versa t i le '  method is developed for the analysis of 

camposlte a h e l l s  whluh cons is t  of elemsnts of a r i a l l y  sgmmetriu 

and .curved B h s l l s ,  
- 
- 

[This work has been rruppmted by NASA through Grant NOR-39-007-017], 
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